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Introduction

® Recent advances in wavefront reconstructor
technology and MCAO techniques support adaptive
optics transmission through strong turbulence

e This work will summarize the following advances
— Branch Cut Reconstructors
— MCAQO field conjugation
— Gradient Descent Tomography

@ Applications involve
— Low elevation astronomy
— Laser communications
— Power beaming
— Isoplanatic imaging
e Work supported by the Optical Sciences Company
under Internal Research and Development
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Sample Pupil Plane Intensity: Low Elevation
Propagation for Power beaming or Astronomy
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The Concept of Slope Discrepancy
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» The Slope Discrepancy is found by numerically differentiating the reconstructed wavefront and comparing the computed slopes

with the originally measured slopes

« The slopes consistent with reconstructed wavefront distortion are given by: s=I'p=I'(I'"T") 'T"Ts,,, p= (I''T)'I"'s,

* The Slope Discrepancy is then: sy-s=[I- T(I''T")'T'"] s,

* When noise is present the Slope Discrepancy is not zero

* We find that about half of the noise is reconstructible

* This occurs because the component of the gradient field with a CURL not equal to zero

is not reconstructible with a Least Square reconstructor
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Rigorous Decomposition of a
General Vector Field

e The analysis begins with with the well known vector identity

V-VA(r,z) =V|V-A(r,z)|- VXV x A(r,z)

e Fourier analysis is used to simplify this result
A(r,z) = Ida Z(K,S) exp[27zz'(a : x)], Z(K,S) = jdx A(r,z)exp|- 27zi(a : x)]; x=(r,z), a=(k,s)
e The vector identity becomes
—47a - aA(a) = —4mae- A(a) + 4o x ax A(a)

e In Fourier space the solution is

axA(a)

—27ia X

e The application of an inverse Fourier transform results in the desired expression
Ax)=Ve(x)+VXV(x); @(x)= jda%eprm’(a : x)], Vix)= ja’a%exphm’(a - x)]

e A key feature of this approach is the fact that the scalar and vector potentials are
expressed in terms of the Fourier transform of the vector field of interest (We

have “reconstructed” the scalar and vector potentials from the data.) 81450 O
- ptica
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Application of the Fourier Decomposition
Technique to the Wavetront Gradient Field

@ For the two dimensional wavefront gradient field we have

A(x)=g (Nu +g (r)u, and Z(a) =g (K)o(s)u, +g (K)o(s)u,; x=(r,z), a=(k,s)
® In terms of the scalar and vector potentials, the wavefront gradient field is given by
g(r)=V, o(r)+VxulV(r); @(r)= jdk%expem‘x . r), V(r)= jdh‘%exp@m'k : r), V(ry=ulV(r)

® As a consequence the gradient field can be decomposed into two components, LS for least
square and SD for slope discrepancy

gr)=g,s(N+ge5(r), g )=V, 0(r), gur)=VXul(r)
® The phase is decomposed in the same way
(OTOW(I’) = (OLS(F) + (osp(r); V¢Total(r) =g(r), V¢Ls(r) = gLs(r)a V¢SD(F) = gsz)(r)

® Both components of the phase are reconstructed by integrating the following set of equations

For LS : 4-¢,4(r)=4¢(r) and 3 o Pus(r) =5, 0(r)
For SD: % ¢ (r)=%< V(r) and 5@, (r) = gV(r)

® As a consequence, the LS phase is equal to the scalar potential and the SD phase is the
imaginary part of the analytic function whose real part is minus the vector potential

® A key feature of the Fourier approach is the fact that the locations of the branch %

points need not be known. All the information is contained the gradient field. BC-1450 h:t.cal
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Relation to Other Work

® Discrete Least Square reconstruction?2
— The discrete form of the required operators can be expressed in terms of the Gamma matrix

Gradient: V=T, Divergence: V-=T", Laplacian: V-V=T'T
— In discrete form the potentials and the gradient field components are given by
p=T"T)'T"g, V=T'I)"C.g, g,=TT'1)'T"g, g,= ny(FTF)_lCZg, where C,, and C, are Curl operators

— As a consequence the new theory illustrates that the slope discrepancy gradient field is given by the
well known expression which represents the Curl of the Vector Potential*

8p=8 "85~ [I—F(FTF)_erJg

® Branch Point contribution to the phase

— As reported in the literature many researchers are investigating the contribution of branch points in the
phase function and are pursuing a path that requires the location of each branch point to be known?

— In terms of Reference 3 our vector potential, V, is equal to the Hertz potential, h, and our slope
discrepancy phase, @gp, is identical to the hidden phase, @y.

@ ltis important to note that this new formulation of the problem does not require the location of
the Branch Points and works with the gradient field directly. In addition we avoid the use of
the term hidden phase since it is readily available.
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2. William Moretti, Gregory M. Cochran, Karl E Steinhoff and Glenn A. Tyler, “SOR-3 Data Reduction,” Report Number TR-881,
the Optical Sciences Company, Anaheim CA (1988)

3. David L. Fried, “Branch Point Problem in Adaptive Optics,” JOSA A 15, 2759-2768 (1998).
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An Analytic Example

e ltis instructive to consider the phase (which has a single branch point at z=0) associated with
the complex function z=x+iy:

Proa (F) = tan_l(%)

e The gradient field is then
gx(r) = aa_xgoTotal(r) =7 20 gy(r) - %wTotal(r) - xzjc-y2

x4y

e The Fourier transform of the gradient field is

gx(x)zjdr#yyzexp(ZMIc-r)ziK—ﬁ, §y(x)=Jdr x_exp(27iK - r) = —i s

K x*+)? K

e The potentials are

o(r) = ﬁj‘dk Kxgx(x)’:2lcy§y(l€) eXp(me . r) =0, V(r)= ﬁJAdK Ky§x(k)’(—zkx§y(x) exp(27zilc ) r) _ ﬁJAdKK_Z exp(27zilc ) r)
e As a consequence the gradient field components are

8s(r)=Vo(r)=0, ggu,(r)= VXuZﬁJ.dm(_z exp(27ik-r)=Fu, +=u,
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e The phase is found by integration

- =tan" (%)

wTotal(r) = wSD (l’) = Joy dj/ 2

X
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White Noise is Nearly Equally Distributed Between the
Two Components of the Gradient Field

e Itis assumed that the total gradient field is due to white noise
g=n, <nnT> = Insof
e The two components of the gradient field are
g, =T('T)'T"n, gy = [1 () ' s

® The Least Square variance is
ot =L Tr(g,sgls ) = iTr[F( ) T {nn")O(rT )" r]

-o Tr[F(FTF)_l r’ ] =& T;»[(FTF)‘1 FTF] =2 Tr(]np_z)

\)

n,=2 2

ng n

@ The Slope Discrepancy variance is
O-§D = n%Tr<gSDg§D> = n—lsTr{ []ns - F(FTF)—l FT]<nnT> l]ns - F(FTF)_I FT] }
xa Tr[]ns () ') a Tr[]ns (r'r)'rr)- <rlr, -1, )

ng—n,+2 2

ng n

e Since there are approximately twice as many gradients as phase points, both components are approximately

equal he
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Fitting Error Contributes to the Slope
Discrepancy Gradient Field

e Sensor fitting error occurs because the discrete gradient operator does
not perfectly represent the relationship between the measured gradients
and the phase

e The Slope Discrepancy Gradient field associated with this error is

g, =l —I(I'T) ["|ln, n=g -Tp, p=9,,

=1 -0(rT)'T]g -1, -T(T)' T |Ip
=1 -T(r'T)'1T]g -[C-0('T)'T'T|p
=11 -T(I'"'T)'I'" | g

e The Slopé Discrepancy variance is expressed in terms of the G-Tilt
covariance matrix

Osp = n_lsTr<gSDg5T‘D> = tTr[Ins - F(FTF)_I FT]<gsgsT> []ns - F<FTF>_1 FT]

e This can be as large as a few hundred nanoradians for systems %1
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Simulation Results:

Least Squares Slope Discrepancy Total
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Components of Reconstructed Phase

Least Squares Slope Discrepancy Total
Strehl = 0.3279 Strehl = 0.0022 Strehl = 0.9230

Branch Point locations are automatically reflected in reconstructed Slope Discrepancy phase
Slope Discrepancy Phase results in very little compensation on it's own, yet when combined
with Least Squares component dramatic improvement is achieved

Branch Point Strehl = 0.3651

Estimated Least Squares Strehl is 0.9230 * 0.3651 = 0.3359 which compares favorably with
actual Least Square Strehl of 0.3279

Uncompensated Strehl = 0.0003 BC-1450 %ﬁucal
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X-Gradient Fields with Slope Discrepancy Correction
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e Turbulence Strength 2 x Clear 1
e Slopes are viewed only through Slope Discrepancy correction .. ., %’;.cal
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X-Gradient Fields in Closed Loop Operation
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e Control Law Parameters:a=1.0,b=0.5
e Turbulence Strength 2 x Clear 1

BC-1450
e Slopes are viewed only through Least Squares correction




X-Gradient Fields in Closed Loop Operation
(Both Components Applied)
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e Control Law Parameters:a=1.0,b=0.5(LS);a=1.0,b=1.0 (SD)

e Turbulence Strength 2 x Clear 1 %1
BC-1450 ptical
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Sample Reconstructed Phase
(1992 Phase Points)

60° 800

From Left to Right - Matrix Multiply, Fast Least Squares, Branch Cut
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Note: The 500,000x500,000 Fast Least Squares and Branch Cut Reconstructors were implemented by R-Phase { ..
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Branch Cut Reconstructor Improves Strehl Variability
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e Strehl variability is important in the evaluation of system
robustness for an adaptive optics laser transmitter weapon or

communication system
e The Branch Cut reconstructor dramatically reduces variability
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Multi Conjugate AO Laser Transmitter System:
tOSC Baseline MCAOQ Field Conjugator Concept

] — &ei(¢a+$1) + be—i(¢b+¢2) 2
A i(0g+d) 1 i(0p+07)
de be
q)l q)l
A
) i(0g+01) < idp
ae’™ ae > < be”
< Z >
DM, DM,
® The phase on DM1 (¢,) is adjusted to redistribute the transmitted Irradiance to that of the

beacon

e The phase on DM2 (¢,) is adjusted to clean up the diffraction induced wavefront distortion
and provide compensation for propagation through the atmosphere

® A third DM may be required to implement the branch point contribution to the phase

® A key feature of this compensation system is the fact that the single wavefront sensor should
be made to measure the sum of the phases, ¢_+ ¢,+ ¢+ ¢, (which means that the conjugate
of one of the interfering beams must be formed before’the beams are combined)

® The correction that nulls this quantity results in the following update
(I)2 — _(])a _ q)l _ (])b ; V = &ei(¢a+¢l )ei% — &ei(¢a+¢1 )e_i(¢a+¢l+¢b) — &e—i% = be_iq)b , a=>b

® The measurement log(a) - log(b) is nulled to determine the phase on DM1
he
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2 DM Field Conjugation Point Source Results:
[rradiance Profiles and Performance

2 x Clearl

4 x Clearl

Beacon Pupil
Plane Intensity

Reconstructed Intensity
at the Pupil Plane

R

Strehl Ratio

Strehl Ratio Performance
Using 20 Iteration GS Solver

—— Uncompensated

—— Least Squares Phase Reversal
—— Branch Cut Phase Reversal

——— 2DM BP Field Conjugation
| \ —— 2DM LS Field Conjugation
\\'—-,
—
0 1 2 3 4 5 6 7

Clearl Factor

NOP Like Configuration:

Aperture Diameter, D=0.75m
Propagation wavelength, A = 1.06um
C,2 Constantover 50km range
Single Correction with unity gain

Full Field Resolution Correction
(128 point across aperture)
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Impact of Fitting Errors for Uplink Propagation for GS MCAO
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MCAQO is superior to single DM if:

— Adequate number of actuators

In high turbulence

— Judicious choice of N;
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® High actuator densities more important on DM, than DM, (phase reversal
more important than matching beacon amplitude)



Maximum Power Transfer Beam Fields
Satisty an Energy Eigenvalue Equation

@ Utilize Operators in Abstract Hilbert space to represent relationship between transmitted and
received fields

— For propagation to the receiver plane
V)= Fla), F=W.GW,,Wy|v)=|v), W|a)=]|a > G'G=1,

<r‘G‘a>=<r‘G(J.du‘u> j jdu ‘G‘ IduG(u ra(u),
(a]a) =<a\( [Jau u><u0 a) = [ dulalu)(u]a) - j dua* (u)a(u)

— The efficiency can be expressed as the following operator expression
e=P/p="1r = ol S B g = BT = WIGTWIW,GW, = W GYW,GW, WIW, =W, =W
® LaGrange Multipliers are used to determine the maximum power transfer beam fields
=(a|t|a) +&(R, ~(ala)),
e =h—(ala)=0=F ={ala), = H|a)~¢ela)=0= Hla) = ¢|a)
<a‘H‘a> = 8<a‘a> ,E= <<H>> ,%;, = <a‘H‘a>

The efficiency is optimized by launching the field that corresponds to the eigenvector of the operator
H with the largest “energy” eigenvalue

— For Free space propagation in discrete Fresnel apprOX|mat|on

e)= Za%’fR'Q Ao, R,) exp(iNooci),< Zp, (2Np,o,)J,(2Np,at, ), n,m=12,...,N

he
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Efficiency and Information Content of Beam Field Increases
Monotonically with Fresnel Number and Rank of Power Operator
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Information content (and rank of the operator) of beam field increases

monotonically with Fresnel number
® N,=0 Beam Fields provide viable options for all Fresnel numbers

® Geometrical optics containment (N=N,) may not require Irradiance
redistribution (or AO) but it provides low efficiency in the critical range

1<N<10
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Free Space Maximum Efficiency Eigenfields are Nearly
Gaussian Beams for Fresnel Numbers of Interest
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e Top fig;ures illustrate the first three eigeoﬁfields corresponding to propagaation
Fresnel numbers N=1,2,5

e Graphs illustrate radial plots and eigenvalues for the eigenvectors
For N=1,2,5 only one, two and four modes are supported by the relay link
® As the propagation Fresnel number increases, less of the aperture is used to

provide natural guardband to ensure efficiency he
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Maximum Efficiency Vector Bessel Beams
Can Accommodate a Central Obscuration
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® Vector Bessel Beams have the functional form f (r)exp(ivO)

2

3

v = azimuthal order

® The highest order radial mode for each of the first five azimuthal orders
is illustrated above for a variety of propagation Fresnel numbers

® Central Obscuration ratio of 4.3 can be accommodated by higher order
Vector Bessel beam if propagation Fresnel number is high enough to

contain required information content
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-25.

4

he
ptical
clences
ompany



Assessment of Levy-Stark Beam Field Concepts

® Levy-Stark (LS) Beam Fields (proposed by Jeff Barchers, studied by Fried, Butts, Tyler, etc.)

— These fields represent dual converged closed loop AO compensated states for both beacon and
transmitter (Both HEL and Beacon are compensated)

— For field conjugation correction the closed loop fields correspond to the modes of a resonator with
phase conjugate mirrors and are solutions of the following operator equation
‘u> = FT‘v> = FTF‘a> = H‘a> = ﬂ‘a> = H‘en> =A en>

— This is the same eigenvalue expression as that required to minimize the energy loss

— Levy-Stark Theorem confirms control system convergence to a local minimum but AO convergence is
based on Power method

® For field conjugation correction eigenanalysis illustrates convergence to absolute minimum
and provides insight to convergence rate

— Arbitrary starting solution is represented as a superposition of eigenvectors

1= ale). He)=¢ele). B=(f]f)= a,*a,le,|e)= Y a,*a5, =D |a]

n . . . n,m n,m
— After N AO correction iterations

HN‘f>:ZanHN en>=Zan8nN en>=8f\’2an(i—j)/v e,). b, =812NZ(i—’1’)2N‘an

n n n n

2

® Forlarge enough N all the power is in the mode with the maximum eigenvalue which
maximizes the transmitted power

® For modes with closely spaced eigenvalues the convergence rate and its implications can
be assessed in detail

he
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Maximum Efficiency Eigenfields in the Presence of a Single Turbulence Realization
(P=1 Watt, Dy = 1.5 m, Dy = 1.5 m, 2 x Clear], Transmitter at h; = 12 km, Receiver at hy =29 km,
Range = 267 km, A = 1.3 um, Grid Branch Cut AO at Transmitter and Relay )

Vacuum 0.5xClear1 1xClear1 2xClear1 4xClear1

15 2
Clearl Factor

® Nominal propagation Fresnel number is N=5

® Fresnel number changed by reducing mirror diameters keeping
propagation and turbulence consistent

@ Eigenfield solutions for higher Fresnel numbers attempt to

maintain natural guard band to minimize energy loss BC.1450 %;,ca,
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Optimum Efficiency Beam Field
Perturbation Approach

® In the presence of a given turbulence realization the minimum energy loss
beam fields follow a similar eigenvalue equation
H‘en> =g, en> L H=H"+H" H = free space
® To assess the expected efficiency the ensemble average must be evaluated

(&) =((e.|H]e,)) # (e, [(H)]e,)
® This process is linerized by utilizing perturbation theory
g, =6+ + &2+ e,y =[e”) +[e" ) +[e )+, ey = Y alllel), all) = (e

2 nm m
m#n

)

HY e,(,o)> =g, e,(,o)> unperturbed vacuum states
(0] M 0\ _ M ()

H" e > e, >— le, > e, > first order
0] ,(2) M\ _ (2 M

H"\e > e, >— e, >+8n e, > second order

® Forming the appropriate inner products results in the following solution
eﬁﬂﬂ) H“)‘ef,")> <g’<10)‘Hm‘81(0)><e;0>‘H<1>‘e'(10>> 0 | <eL°)‘H‘”‘e§°)><e§n")‘H(”‘e§,°)> <e,(10)‘H(1)‘e;0)><e}0)‘Hm‘e,(,o)>
e =<e<0> ‘H(l)‘e(0)> <e(0>‘e(1>>= (] e 2_2 : : <e< )‘e< >>=_ _ 2
n n n [2>\"m |%n > “n NOENO) >\"m | “n 2 (s§7°>—sff’)(s‘n°’—s§°))

SO (8570,_85;)))
® Up to second order the exbected efficiency is
(6= +(eD)+ () =62 +(e (H)e!

I#n

<<e(0> ‘H(l)‘e(0)><e(0) ‘H<1>‘e;0>>>

> Z n i i
- (0 0
EORND)

I#n
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Comparison of Perturbation Theory and Wave-Optics
Simulation for Maximum Efficiency Beam Fields

Irradiance Redistribution (Optimal)

Ensemble Average First Order Maximum Efficiency Beam Fields 1

Vacuum 0.5xClear1 1xClear1 2xClear1 4xClear1 091
0.8 -

First-Order

Simulation
o
N
=N O

o
[
T

r|12z2z2z
o

] ] | | ] |
0 0.5 1 1.5 2 2.5 3 35 4
cﬁ Factor

® Initial second order perturbation theory results are in general
agreement with average of 16 wave optics simulation realizations
(More work is planned to fine tune analysis)

® Dotted curves illustrate second order eigenvalue results

® 16 wave optics realizations provide poor averaging in strong turbulence
cases illustrating the benefit of the perturbation analysis approach
which illustrates that with good AO compensation of amplitude and

phase average field is only weakly perturbed %1
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-29 - clences
ompany



Plane Wave Parameters for Deep Turbulence

Configuration (km) (m -2/ 3) (pm) m (cm) | prad | (nep) | (prad)

Deep 2 2x 107" | 1.06 | 0.1 | 0544 | 1.54 | 55 49.5

NOP 50 1 %107 | 1.06 | 0.75 | 7.4 | 0.853 | 1.01 3.05

® For deep turbulence the Isoplanatic Patch
size is many times A/D

e In addition, the Rytov Number is very much
greater than unity



Point and Extended Beacon Irradiance at the Aperture
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Anisoplanatism and Finite Beacon
Effects upon Perfect AO Compensation
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Limitations of Branch Cut Reconstructors

Diffraction
Limited

Point Source
Branch Cut

Dg = 0.20m
Branch Cut

Point Source
Least Squares

Dg = 0.20m
Least Squares

On-Axis

190

in Deep Turbulence

290

490

890

Strehl Ratio

T
—— Point Source
D, =0.20m

Reconstructor:
Solid -Branch Cut
Dotted - Least Squares

| |
15 20 25
Beacon Offset @)
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Analysis Summary of Zernike Tomography

® The approach determines the phase correction on N DMs for N beams
® For the case of two beams this requires the solution of two equations and two unknowns

CI)I(q“r+1115}1)+d)2(q21r+12131)=—(ol(r) > 4 zl_é_l,
q)l(%zr+llﬁz>+q)2(%2r+lzﬁz)= —@, (”)

® The DM commands, the aberrations and shifted Zernikes are expanded in terms of Zernike
polynomials

=X () . Z)= 8, )
®, (g, r+1,,)= zc““Z [ ) ZZC('Z)BZZ)ZP(%)

® This results in the followmg expressions

ZZ (1)B<11)+C<2)B(21>]Z zar(;)Zm(%)
ziics>3,;;2>+cf>3;;ﬂ>] 2,(5)= 2 a2, (3
m p

® The DM commands are found by solving the following matrix equation
Bc=a
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Zernike Tomography Performance with
Point Source Reterence in Weak Turbulence

DM Location
1 2 3 Yo Improvement Factor | Strehl at 109y
0 NONE | NONE 1 6.95 x 102!
0.196 L | 0.804 L. | NONE 6.5 0.129
0.120 L | 0.500 L | 0.880 L 10.7 0.409
5%154:60
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LGS2 Only
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Gradient Descent Tomography
in Weak Turbulence

e Gradient Descent
Tomography is implemented -  Diffaction Limited |
by using an image based
merit function

® In the work here we dither the
actuators on one or two
deformable mirrors and use a -
gradient search technique to
optimize the integral 12 image
sharpening merit function _

® The results on the right
illustrate that Anisoplanatism ;-
is significantly reduced when
the MCAO 2 DM version of
this approach is utilized g

. The Use Of Only One DM B microrad
corrects only one field angle

0
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Performance of Gradient Descent
Tomography in Deep Turbulence

140

Strehl Ratio Computed from a Wawve Optics Simulation

Object | Uncompensated Strehl| Compensated Strehl PIR

Point #1 0.0081 0.0097 1.20
Point #2 0.0252 0.0337 1.34
Point #3 0.0304 0.0992 3.26
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Conclusions

Interesting approaches have been developed for
adaptive optics compensation of a laser transmitter or
an imaging system for propagation through strong
turbulence

— Branch cut reconstructors

— MCAO concepts

Analysis tools are mature
— Fast least squares
— Perturbation theory

Experimental tests of promising approaches are
being considered

Results impact

— Low elevation astronomy

— Laser communications

— Power beaming (relay mirrors)
— Compensation through deep turbulence %
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